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Abstract: Given an F-manifold with eventual identities we examine what this 
structure entails from the point of view of integrable PDEs of hydrodynamic type. 
In particular, we show that in the semisimple case the characterization of eventual 
identities recently given by David and Strachan is equivalent to the requirement that 
E o has vanishing Nijenhuis torsion. 

Moreover, after having defined new equivalence relations for connections compat- 
ible with respect to the F-product o, namely hydrodynamically almost equivalent and 
hydrodynamically equivalent connections, we show how these two concepts manifest 
themselves in several specific situations. 

In particular, in the case of an F-manifold endowed with eventual identity and 
two almost hydrodynamically equivalent fiat connections we are able to derive the 
recurrence relations for the flows of the associated integrable hierarchy. If the two 
connections originate from a flat pencil of metrics these reduce to the standard bi- 
Hamiltonian recursion. 

Furthermore, using the geometric set-up proposed here we show how the recur- 
rence relations of the principal hierarchy introduced by Dubrovin arise in this general 
framework and we provide a general cohomological set-up for the conservation laws of 
the semihamiltonian hierarchy associated to a semisimple F-manifold with compatible 
connection and eventual identity. 

Therefore, the point of view we propose, not only highlight the conceptual unity of 
two well-known recursive schemes (principal hierarchy and classical bi-Hamiltonian) 
but it also provides a far reaching generalization of these recursions that relies on the 
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presence of an eventual identity. 

1 Introduction 

In the last twenty years, the interplay between the presence of a Hamiltonian frame- 
work and integrability on one hand and geometric structures on the other has been 
the focus of an intense study. In particular, this has been pursued for a vast class 
of systems of quasilinear PDEs, usually identified in the literature as systems of hy- 
drodynamic type. Indeed, starting from the first pioneering works of Dubrovin and 
Novikov it has become more and more apparent that the study of these systems leads 
naturally to some classical problems in Riemannian geometry. 

More recently, especially thanks to Dubrovin's works, new light has been shed 
on this area. Some geometric structures, the so called Frobenius manifolds that 
were introduced in the study of topological field theory appear naturally within the 
framework of integrable PDEs of hydrodynamic type. 

Our paper belongs to this research area; however, pursuing a point of view already 
introduced in [13] and [12], we will not follow the usual approach that emphasizes the 
role played by Riemannian geometry and Hamiltonian structures. Instead, in the ap- 
proach adopted here, the pivotal role is assigned to a class of symmetric connections, 
not necessarily originating from a metric, defined on F-manifolds. The latter consti- 
tute a class of manifolds introduced by Hertling and Manin to generalize Frobenius 
manifolds. 

To any F-manifold it is possible to associate integrable systems of hydrodjTiamic 
type. It turns out that the integrability conditions for such systems correspond to 
the following geometric condition |13] : 

T3k n , f>k n i ofc „n _ n 
■^Hmi^pk ^ ^Hip^mk ^ ^HpmHk ^ 

which expresses a constraint combining the curvature R^jj^i of the connection with 
the structure constants c*^. of the associative, commutative product o defined on the 
tangent spaces of F-manifolds. 

More specifically, in this work we focus our attention to F-manifolds endowed 
with additional structures or properties, namely the presence of eventual identities 
or the zero curvature condition and we study how the presence of these structures 
impacts the corresponding integrable systems of hydrodynamic type. 

It turns out that the most interesting cases correspond to an F-manifold endowed 
with fiat connections that are "hydrodynamically equivalent" or "almost hydrody- 
namically equivalent" in a quite peculiar sense, detailed in Section |6l Indeed, starting 
from this class of F-manifolds it is possible to define recursively the flows of integrable 
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systems of hydrodynamic type. In this way, one gets two recursion schemes: the first 
one, that corresponds to "hydrodynamically equivalent" connections, is strictly re- 
lated to the recursion scheme appearing in the principal hierarchy (see Section |9]); the 
second one, which corresponds to the case of two "almost hydrodynamically equiva- 
lent" connections and the presence of an eventual identity E will provide us with a 
generalization of the usual Lenard-Magri system, what we call a twisted Lenard-Magri 
chain. This includes the classical bi-Hamiltonian recurrence as a special case. 

Therefore, the point of view we propose, not only highlight the conceptual unity of 
two well-known recursive schemes (principal hierarchy and classical bi-Hamiltonian) 
but it also provides a far reaching generalization of these recursions that relies on the 
presence of an eventual identity. 

For the sake of readability, we detail the organization of the paper, highlighting 
the results of each section. In Section 2 we recall an extension of the usual Frolicher- 
Nijenhuis bicomplex to differential forms with value in tangent bundle. In the case in 
which a manifold M is endowed with a fiat connection V and with a tangent bundle 
endomorphism L with vanishing Nijenhuis torsion, this extension will provide a bi- 
differential complex d\/, disj on f2*(M, TM) and in general the operator ds/ and d^s/ 
will be essential to express in an intrinsic way many of the constructions we are going 
to perform. 

In the brief Section 3 we review Tsarev's theory of semi-Hamiltonian systems, 
namely the class of integrable systems attached to the geometric structures we are 
going to explore. 

Section 4 deals with F-manifolds with an eventual identity E] after reviewing some 
properties, we show that the recently discovered condition (see [1]) that characterizes 
eventual identities among invertible vector fields is equivalent to the endomorphism 

V := E o having zero Nijenhuis torsion in the case the F- manifold is semisimple 
and the eigenvalues of V are distinct. Moreover we prove that the condition that 
characterizes eventual identity always implies that the corresponding endomorphism 

V := E o has zero Nijenhuis torsion. 

In Section 5 we review the concept of F-manifold with compatible connection 
and in particular we start to explore the interplay of this structure and the presence 
of an eventual identity E. More specifically, we prove that under the condition of 
semisimplicity of the F-manifold and of functional independence of the components 
of E in the canonical coordinates for o, the canonical coordinates for * and the 
canonical coordinates for o are related through a simple reparametrization -u* = 
£(*(u*). Besides we show that we if write the endomorphism L := E o in the canonical 
coordinates for *, it is still diagonal with distinct eigenvalues. All our subsequent 
investigations are heavily based upon these observations. 

In the short but fundamental Section 6, we introduce the definition of hydrodynam- 
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ically equivalent and hydrodynamically almost equivalent connections on a semisimple 
F-manifold with eventual identity E. It turns out that hydrodynamically almost 
equivalent connections are precisely those that define the same semi-Hamiltonian hi- 
erarchy. 

Section 7 deals with conservation laws for the semi-Hamiltonian hierarchy associ- 
ated to a semisimple F-manifold with compatible connection V and eventual identity 
E. We show that the compatibility conditions for the equation defining densities 
of conservation laws follows from the definition of compatible connection. Further- 
more, in the case of an F-manifold with compatible fiat connection, we identify the 
recursion relations obeyed by densities of conservation laws and we prove that if the 
F-manifold is endowed with a second fiat connection compatible with the multiplica- 
tive structure * originating from E, then these densities of conservation laws obey an 
additional system of recursion relations. 

In Section 8 we explore in detail the cohomological nature of the equations de- 
termining the symmetries for a semi-Hamiltonian hierarchy; in particular the results 
obtained will be fundamental in constructing in Section 10, a twisted Lenard-Magri 
chain associated to a semisimple F-manifold with eventual identity E and two almost 
hydrodynamically equivalent connections V*-^^ and V*-^-*. We also analyze the special 
case that arises assuming V to be fiat and the corresponding recursion relations that 
appear to be those of the principal hierarchy. This analysis is completed in Section 9, 
where the recursion relations of the newly obtained Lenard-Magri chain are compared 
to those of the principal hierarchy. 

The final Section 10 deals with building a twisted Lenard-Magri chain associated to 
a semisimple F-manifold with eventual identity E and two almost hydrodynamically 
equivalent connections V'-^'' and V^^''. This chain constitutes a genuine generalization 
of the classical bi-Hamiltonian recursion relations and it is essentially based on the 
presence of an eventual identity E. We also show that when the two hydrodynam- 
ically almost equivalent connections are associated to a fiat pencil of metrics, the 
corresponding twisted chain reduces to the classical bi-Hamiltonian scheme. 

2 An extended Frolicher-Nijenhuis bicomplex 

In this section we recall an extension of the usual Frolicher-Nijenhuis bicomplex to 
differential forms with value in tangent bundle. 

Recall the definition of operators d and d^ on VL^[M): 

k 

{dio){Xo, ...,Xk) = ^(-l)^X,(a;(Xo, . . . , X,, . . . , Xk)) + 

i=0 
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+ Yl i-iy'~'oo{[X,,X,],Xo,...,X.,...,X„...Xk), 

0<i<j<k 

where Xi{u{XQ, . . . , Xi, . . . , X^)) denotes the action of the vector field Xi on the 
function u{Xo, . . . , Xj, . . . , Xk), 

k 

{dLu){Xo, . . . , X) = 5^(-l)*(LX)(u;(Xo, . . . , X, . . . , X)) + 
+ Yl {-iy-''^m,Xj]L,Xo,...,X^,...,X,,...Xk), 

0<i<j<k 

where {LXi){u{XQ, . . . ,X, . . . ,X)) indicates the action of the vector field LXi ob- 
tained applying the endomorphism L to Xi and [Xi,Xj\i = [LXi,Xj] + [Xi,LXj] — 
L[Xi , Xj] . According to the theory of Frolicher-Nijenhuis [8] , if L is torsionless, namely 
if 

[LX, LY]-L [X, LY]-L [LX, Y]+L^ [X, y] = for any X, Y vector fields, (2.1) 
then 

d ■ dL + (11 ■ d = and = 0. 
Notice that ( 12. ip can be written alternative as 

[LX, LY] = L[X, Y]l for any X, Y vector fields. (2.2) 

We can extend the operators d and di to differential k forms with value in TM. 
The extension of d, dsj is classical and is known in the literature as exterior covariant 
derivative (see for instance [H]), while the extension of di, is a kind of "twisted" 
exterior covariant derivative and it has not appeared before in the literature to the 
best of our knowledge. Here the introduction of these operators is motivated by the 
theory of integrability for systems of PDEs of hydrodynamic type. 

We have the following definition for d^: 

k 

(dvw)(Xo, . . . , X) = Y^-iyvxMXo. . . . , X, . . . , x))+ 

+ {-lr^'^{[X^,X,],X^,...,X,,...,X^,...Xk), 

0<i<j<k 

where denotes covariant derivative along Xi of the vector field {u{Xo, . . . , Xj, . . . , Xk 
The following easy proposition summarizes its main properties: 

Proposition 2.1 The following holds: 



1. The operator coincides with d when restricted to scalar valued forms. 

2. Ifuj is a 0-form with value in TM , namely a vector field, then {ds/Oj){X) = Vx^^, 
where X is any vector field. 

3. If the connection V is flat, then dy o dy = identically. 

Proof: The only point not completely trivial is the third one. To see this is true, 
simply choose a coordinate system {x^, . . . in which Vg. = di, where di = 
This is possible since the connection is flat. Now in this coordinate system, we write 
the formula for d'^u 

k 

j=0 0<m<j<k 

The second sum vanish identically because [di^,di.] = 0, while the first sum is just 
du'', namely d applied to each single component of the vector valued form u. So the 
use of fiat coordinates decouples the various components and ciy acts on cu' like d 
would act on a collection of A;-forms. So 

in flat coordinates and from this it follows immediately that c/y ° c^v = identically. 
For a coordinate free proof and for more information see [11]. ■ 
We can obtain a new differential di^ twisting with a (1, l)-tensor field, namely 
an endomorphism of the tangent bundle. We have the following 

Definition 2.2 Given a (1, 1) -tensor field on a manifold M endowed with a connec- 
tion V, we define the L-exterior covariant derivative diy acting on Q*{M,TM) as 
follows 

k 

{dLv^){Xo, ...,Xk) = 5^(-1)*Vlx.(c^(^o, ...,X„..., Xk)) + 
+ {-iy^'^i[Xt,Xj]L,Xo,...,X„...,X„...Xk). 

0<i<j<k 

This definition can obviously be extended to forms with value in sections of a vector 
bundle E over M as long as we have a connection that enables us to covariantly 
differentiate sections of E over M (while L is always required to be an endomorphism 
of TM). 

The following proposition summarizes the main properties of diy. 
Proposition 2.3 For the L-exterior covariant derivative the following holds: 
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1. div coincides with di when restricted to scalar valued differential forms. 

2. If uj is a 0-form with value in TM, namely a vector field, then {dLvUj){X) = 
Vlx^, where X is any vector field. 

3. If L is the identity endomorphism (i^v coincides with dy . 

4. If the connection V is flat and if L has zero Nijenhuis torsion, then div^diy = 
identically. 

5. The operator d^y is linear in L, namely if M and L are two (1, 1) -tensor fields, 
then rf(L+A/)v = div + c^mv- 

Proof: The first, second and third items are immediate. For the fourth item, 
we reason as follows. Choose a flat coordinate system {x^, . . . where Vg. = di. 
Then in this coordinate system V^a- = V^jg, = LlV q. = L^dj. Now let's compute 
((iLVi^)io...ifc ^his coordinate system, where u G Q^{M,TM). We have 

k 

\ -t^V /lQ...lf. / j \ ) Ij V lQ...ij...lf. / J \ I h «0---*m---«j---«fe L *jJ-L' 

j=0 0<m<j<k 

where [di^,di.]'l denotes the h component of [di^,di.]L- Again, this is just the coor- 
dinate expression of di acting separately on each form u'', the vector components of 
UJ. So we can think that in flat coordinates a vector valued form is just a collection 
of forms. Since L has zero Nijenhuis torsion, we know that di o d^ = Q identically. 
Moreover since we proved 

in flat coordinates, then d^y o d^y = identically follows from di o di = 0. The 
fifth point is immediate due to the linearity of the covariant derivative V(l+m)x = 
Vlx + Vmx and the fact that [X, Y]l+m = [X, Y]l + [X,Y]m. ■ 
Using Proposition 12.31 we have the following: 

Theorem 2.4 Let M be a manifold endowed with a flat connection V on TM and 
with two endomorphisms L and M whose Nijienhuis torsion vanishes. Assume that 
the Nijenhuis torsion of L + M also vanishes. Then {Q*{M,TM),dL\7,dMy) is a 
hidifferential complex, namely div ° c^lv = 0, c^mv ° c^a/v = and diy o c?a/v + c^a/v ° 
dLv = 0. 

Proof: Since V is flat and Q := L + M has zero Nijenhuis torsion, we have 
by Proposition 12.31 rfgv ° dQV = 0. On the other hand, always by Proposition 12.31 

dgv = + c?A/v and so = (c^a/v + c^lv) ° {dhiv + di^) = dM^ o dMv + c^lv ° dM^ + 
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c^MV ° c^LV + c?LV ° div- But since L and M have separately zero Nijenhuis torsion, 
we see that (Imw ° dM\7 = 0, d^v o <iLV = and from the previous condition we get 
the anticommutativity of dLv and dMx;- f^LV ° c^a/v + c^a/v o rf/^v = 0. ■ 
In particular, we apply the previous theorem to the case in which M is the identity 
endomorphism. Indeed one has the following 

Lemma 2.5 If L is a torsionless endomorphism ofTM, then the pencil Q\^^ := XL + 
III is also torsionless for all values of X and fx, where I is the identity endomorphism. 

Proof: By (1221), we have to prove that [Qx,^,X,Qx,^Y] = QxJX,Y]q^^ for all 
vector fields X, Y. Expanding this expression we find 

A^[LX, LY] + fiX[X, LY] + Xfi[LX, Y] + fi^[X, Y] = 

= XL[X, YU + fi[X, Y]xL + XfiL[X, Y] + i2^[X, Y], 
from which the claim follows. ■ 

Definition 2.6 We call {Q*{M, TM), d\r, diy) the hydrodynamic bidifferential com- 
plex. 

Let us present some examples of computations using the differentials d\!,dL\'- 
Example 2.7 Consider a 1-form with values in TM, . Then 

and thus 

Notice that from the definition we should write V^V^*-^ instead of V^V^* meaning 
that computing covariant derivative the lower indices must he neglected or thought 
as frozen. However as the above computation shows the additional terms involving 
covariant derivatives of lower indices automatically cancel out. 

Example 2.8 Let us apply now di^j on a 1-form with values in TM, V-. We have 

{dLvV)], = LfiymVl,)) - L^iymVl^^) - v;id,Li - d.i]). 

Observe that in this case, due to the presence of L, we cannot forget that the covariant 
derivative involves only the upper indices. 

Using di^/ we can reformulate the condition for L to have vanishing torsion in the 
following way: 
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Proposition 2.9 Let V be any torsionless connection of TM , then the endomor- 
phism L has vanishing Nijenhuis torsion if and only if di^L = 0. 

Proof: We have 

(dLx/LYji, = LfV.mL\k) ~ L'^^mL[,j) - L\{\dj,dk]Lf . 
Since Vm-f'(fc) = dmL\ + ^Im^i analogously for Vm-^^), we obtain that 

rmvy ri T m-rj ri T r« T"*^ i T m t I -pi TiriTl-pi 

^mJ^{k) ~ ^rnJ^U) " ^rnJ^k ~ CmJ^j + J^k^ Im ~ ^k ^j^ Im " 

— J^j ^mJ^k ^k '^m-L'j- 

On the other hand, Ll{[dj, dkliY = L\{djL\ — dkL^j). Therefore, dL\/L = if and only 
if 

L^^dmLl - L^d^L) = md,L[ - 9,4), 

which is exactly the condition [Ldj,Ldk] = L{[dj,dk]L), namely fl2.2p . This proves 
the claim. ■ 



3 Semi-Hamiltonian systems. Tsarev's theory 

Let 

Tlj{u^, . . i ^ j, i, j = 1, . . . ,n 
be a set of functions of n variables {u^, . . . m") satisfying the conditions 

d^rt^ - rt/^ + r^r^^ - r^ri^ = o, j ^ m ^ (3.i) 

and, consequently also the conditions 

djTl, = dkri^, yt^j^k^t. (3.2) 

Consider the system 

= ri„ (3.3) 

for the unknown functions {v^, . . . , v"') of the n variables {u^, . . . m"). According to 
the results of [17] the equations (13. ip are the compatibility conditions of (13.30 . This 
implies that if (13. ip are identically satisfied, the system (13. 3 p admits a general solution 
depending on n arbitrary functions each depending on one variable. Consider now 
the diagonal systems of PDEs of hydrodynamic type 

'4 = v'iu)v^ i = l,...,n. (3.4) 
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and 

u\ = w\u)u'^ z = l,...,n. (3.5) 

defined by two different solutions (f \ . . . , z;") and . . . , of (13. 3p . The condition 
of commutativity of tlie flows 

namely 

is clearly satisfied. In other words the sohitions of the system (13. 3 p define a family of 
commuting flows for diagonal systems of PDEs of hydrodynamic type. With a little 
abuse of terminology we will call such a family a semihamiltonian hierarchy. 

To conclude this brief section we recall from [17] that the equations (13. ip are also 
the integrability conditions for the system 

didjH - TijdiH - Ti^djH = 0,t^j (3.6) 

which provides the densities H of conservation laws for (13. 4p . 



4 F-manifold with eventual identities. 

The notion of F-manifold was introduced in [10] as a generalization of the concept of 
Frobenius manifold. Let us recall that an F-manifold is a manifold endowed with a 
(1, 2)-tensor field c satisfying the conditions 

4fc = 4 (4.1) 

(a.4)cL + (5,cL)4 - {dscLK - {d^c^Ms^ - (5^S^™)4 - {dmctdc% = (^4.3) 

The tensor c induces a bilinear product on vector fields: 

{XoYY := c]kX^Y^ for all vector fields X, Y. 

Due to (14. ip . (14. 2 p and (14.31) the product is commutative associative and satisfies the 
Hertling-Manin condition 

[X oY,Z oW]-[X oY,Z]oW -[X oY,W]o Z - X o[Y,Z oW]+X o[Y,Z]oW+ 

+X o[Y,W]o Z -Y o[X,Z oW]+Y o[X,Z]oW + Y o[X,W]o Z = Q . 

(4.4) 

Usually in the definition of an F-manifold one also assumes the existence of a vector 
field e called unit which behaves like a unit for the product o, namely 

= 5] (4.5) 
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or, equivalently: 

Xoe = X, \fX. 

In many cases, one can introduce different products satisfying conditions fl4.5p . 
(14. ip . (14. 2p and (14. 3 p on the same manifold. In the case of semisimple F-manifolds 
with compatible connection (see the next section) this freedom is related to the ar- 
bitrariness in the choice of Riemann invariants of the associated semihamiltonian 
hierarchy [13]. More in general, this freedom is due to the existence of special vector 
fields called by Manin [H] eventual identities. The most important examples of ge- 
ometric structures admitting eventual identities are the almost Frobenius manifolds 
introduced by Dubrovin in [7]: indeed in this case the eventual identity is provided 
by the Euler vector field itself. 

Definition 4.1 A vector field E on an F-manifold is called an eventual identity, if 
it is invertible with respect to o (i.e. there is a vector field such that E o E~^ = 
E~^ o E = e) and, moreover, the bilinear product * defined via 

X *Y := X oY o E-\ for all X,Y vector fields (4.6) 

defines a new F-manifold structure on M. 

The vector field E is, by definition, the unit of the product *. This is the origin of the 
name eventual identity. A characterization of eventual identities was recently given 
in[T]. 

Theorem 4.2 fJ^ An invertible vector field E is an eventual identity if and only if 

Lies(o)(X, Y) = [e,E]oXo Y, VX, Y. (4.7) 

Special cases of eventual identities are the Euler vector fields. In this case 

UeE{o){X,Y) = XoY 
[e,E] = e 

Let us recall the following important definition: an F-manifold is called semisimple if 
there exists a distinguished system of coordinates, called canonical coordinates such 
that the tensor c has the following form in these coordinates: 

^jk - "j(^k- 

Theorem 4.3 Consider a semisimple F-manifold and assume that the eigenvalues 
of the endomorphism V = E o are distinct. Then condition (14. 7p is equivalent to the 
vanishing of the Nijenhuis torsion ofV. 
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Proof. Suppose the Nijenhuis torsion of V vanishes. This means that 

Nv{X, Y) = [VX, VY] - V [X, VY] - V [VX, Y] + V"^ [X, F] = 
for any pair {X, Y) of vector fields. In local coordinates this means that 

n 

Y^{v,'dsV^ - v^sVt + v^djV^' - v^^diVf) = 0. 

s=l 

Since the F-manifold is assumed to be semisimple, there exists a system of coordinates 
(canonical coordinates) in which V is diagonal VJ = d^j^E^ = E^dj and therefore the 
previous sum reads 

d';{E' - E^)d,E^ - S'liE^ - E')djE' = 0. 
If E^ 7^ E^ this is equivalent to 

d,E' = 0, Vj ^ z. 
Now suppose that condition (14. 7p is satisfied. In local coordinates it reads 
i?™a^c}, + cldjE' + di^dkE' - c],diE' = 4cL[e, E]^ . 
In canonical coordinates e* = 1 for all i and therefore: 

5ld,E^ + 5]duE^ - 6id,E^ = 6^6161 ^ dsE"\ (4.8) 

s 

If all the indices in (14. 8 p are equal, then the equation is identically satisfies due to 
the fact that in canonical coordinates, in the semisimple case E^ is just a function of 
the z-th coordinate. In the case when two indices are equal and the third is different 
we have: 

- k = j ^ i. In this case —djE^ = 0, 

- k = i ^ j . In this case djE'' = 0, 

- i = j ^ In this case dkE^ = 0. 

These are exactly the vanishing Nijenhuis torsion conditions as we have seen above. 
Finally, if all the indices i,j,k are distinct, equation (14. 8 p is automatically satisfied 
as it is immediate to see. ■ 

From one hand the above theorem is quite surprising since the condition (14. 7p is 
linear in E while the Nijenhuis condition is quadratic in E: 

Nv{X, Y) = [EoX,EoY] + EoEo[X,Y]-Eo[X,EoY]-Eo[EoX,Y]. 

From the other side is not surprising since, as we mentioned above, in the case of 
F-manifolds with compatible connection the freedom in the choice of the eventual 
identities is related to the reparametrization of the Riemann invariants. Let us con- 
sider now the general case. A relation between (14. 7p and the Nijenhuis condition is 
still present. However it goes only in one direction. 
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Theorem 4.4 If E satisfies (14. 7p . in particular if E is an eventual identity, then the 
Nijenhuis torsion of V = E o vanishes. 

Proof: First we rewrite the condition for E to be an eventual identity in a different 
way. Since X oY can be viewed as the complete contraction of the tensor field c with 
the vector fields X and Y and since the Lie derivative commute with any contraction, 
we have that 

UeEio){X,Y) = UeE{oiX,Y)) - o{UeEX,Y) - o{X,UeEY) = 

= [E,X oY]- X o [E, Y] - [E, X] o Y. 

In this way, (14. 7p can be written as 

[E,X oY]+ X o [Y, E] + [X,E]oY = [e, E]oXoY. (4.9) 

Now we proceed to write the Nijenhuis condition [EoX,EoY] + EoEo [X, Y] — 
E o[X, E oY] — E o[E o X,Y] = in a different form. Expanding [E o X, E oY] using 
the Hertling-Manin condition (14. 4 p and the properties of o, the Nijenhuis condition 
can be rewritten as 

NviX.Y) = [XoE,E]oY-[X,E]oEoY + [E,YoE]oX-[E,Y]oXoE = 0. (4.10) 
Specializing the previous expression with Y = e we get: 

[X o E, E] - [X, E] o E - [E,e] o X o E = (4.11) 
Surprisingly (14. lip implies (I4.10p . Indeed 

Nv{X,Y) = 

Yo{[Xo E, E] -[X,E]oE)-Xo {[Y oE,E]- [Y, E] o E) = 
Y o[E,e]oX o E - X o[E,e]oY o E = 0. 

This means that vanishing of the Nijenhuis torsion is equivalent to (14. lip . In order to 
prove the theorem it is sufficient to observe that (14. 9 p reduces to (14. lip when Y = E. 
Therefore for any vector field E which is an eventual identity, we have that E o has 
zero Nijenhuis torsion. ■ 
Let us remark that once we write fOj) as QEiX,Y) := [E,X oY]+ X o [Y, E] + 
[X, E] o Y — [e, E] o X o Y , this appears manifestly as a bilinear sjTiimetric form. 
Therefore by polarization identity it can be written as Qe{X, Y) = IQe{X + Y, X + 
Y) - iQEiX -Y,X -Y). This implies that for (iZD is equivalent to 

UeE{o){Z, Z) = [e, E]oZ'^, for aU Z 

or 

LieE^Z o Z) = 2Z o Lie£'(Z) — Lie£;(e) o Z^. 
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5 F-manifolds with compatible connection 



Let us introduce a special class of F-manifolds [TO] . 

Definition 5.1 An F-manifold with compatible connection fT^ is a manifold en- 
dowed with an associative commutative multiplicative structure given by a (1, 2)-tensor 
field c and a torsionless connection V satisfying the following conditions 

^ic% = V,-4 (5.1) 

and 

^Imi'^pk + ^Hp'^rnk + ^tpm'^7k — 0- (5-2) 

where 

R]kh = (^k^\j ~ '^h^kj ~ ^hl^kj + ^kl^hj 

are the components of the Riemann tensor. 

Notice that in the previous definition we did not impose explicitly the requirement 
that c satisfies the Hertling-Manin condition; this is due to the fact that if the product 
is symmetric and associative and c satisfies equation (15. ip . then the Hertling-Manin 
condition is automatically fulfilled (this is proved in |9]). 

Let us observe also that in the interesting paper [2], the compatibility of the 
connection with the product is intended in a weaker sense, since no restrictions are 
imposed there on the Riemann tensor. 

Conditions ( 15. ip and fl5.2p can also be written respectively as 

(Vxo)(y,Z) = (Vyo)(X,Z), (5.3) 

and 

Z o R{W, Y) {X) + Wo R{Y, Z) {X) + Yo R{Z, W) (X) = 0, (5.4) 

for any choice of the vector fields {X, Y, W, Z). 

When studying the systems of PDEs that control the densities of conservation 
laws, an alternative form of (15. 4p . equivalently (15. 2 p will be handy. These are provided 
by the following 

Lemma 5.2 Let M be an F -manifold with compatible connection V. Then (15. 4 p is 
equivalent to 

R{Y,Z){X oW) + R{X,Y){Z oW) + R{Z,X){Y oW) =0, (5.5) 

for every vector fields X, Y,W, Z. Moreover, the above condition in local coordinates 
reads 

^kmp^il + ^kim'^pl + ^kpi^^ml = 0- (5-6) 
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Proof: Consider the deformed connection VxY '■= + z X o Y, z & C, de- 

pending on the parameter z. Due to associativity of the product o and the symmetry 
condition (I5.3p . the curvature tensor of this connection does not depend on z (see 
[16]). Now the second Bianchi identity gives 



= VxRiY, Z) {W) + VzR{X, Y) {W) + Vy X) {W) = 

= Xo R{Y, Z) {W) + Zo R{X, Y) {W) + Yo R{Z, X) (W) 

-R{Y, Z) {XoW)- R{X, Y) (ZoW)- R{Z, X) (YoW). 

Since X o R{Y, Z){W) + Z o R{X,Y){W) + Y o R{Z, X){W) = is (El , one sees im- 
mediately the equivalence of (I5.5P and (15.41) . The coordinate expression is immediate. 

■ 

For a semisimple F-manifold, in canonical coordinates, condition (15. ip reads 

= -r}, (5.7) 

r}, = 0, Vz^jVM^ (5.8) 
and condition (15.21) is equivalent to 

Rij, = d,Tl-dkr)^ = 0, Wij^jj^kj^i, (5.9) 

i?},, = -4r}^ - n,r}^ - n,r^ + r}/^, = 0, y^^J^k^^ (5.10) 

Remark 5.3 If u ^ u, the Christoffel symbols transform as 



This means that if condition (15. 8p is satisfied in canonical coordinates, then it is 
satisfied in any coordinates system {u}, . . . , tt") related to canonical coordinates by a 
change of variables of the form = u^{u^), i = 1, . . . ,n. This will be instrumental in 
defining the notion of almost hydrodynamically equivalent connections. 

Remark 5.4 Compatible connections are not uniquely defined. For instance, in 
canonical coordinates, if the Christoffel symbols T^jf, define a compatible connection, 
then the Christoffel symbols F*^ with 

f}fc := r}fc, i^ joii^ k, or j ^ k, and f-^ arbitrary 

define also a compatible connection fW^ . 

Additional structures or requirements might be added to an F-manifold with 
compatible connection. Among them let us mention the most relevant ones for our 
investigation: 
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The existence of a unit vector field e: 

c),e' = 5). (5.11) 

The existence of an eventual identity E. 

In the semisimple case, in canonical coordinates we have therefore 

e' = l, E' = E\u'), ^ = E^i, 

where L is the endomorphism of the tangent bundle given by L := Eo. 

The flatness of the connection V [Hj. In this case starting from a frame of flat 
vector fields it is possible to define a hierarchy of quasilinear PDEs of the form 

called principal hierarchy. In the case of Frobenius manifolds, this hierarchy 
was introduced by Dubrovin [1]. The straightforward generalization under the 
weaker Manin's assumptions was given in [T3] . 

The existence of an invariant metric r] satisfying 

Vr/ = 0. 

In this case, the F-manifold is called Riemannian F [13]. In the flat case the 
invariant metric defines a local Poisson structure for the principal hierarchy. 
This means that the equations of the hierachy can be written in the form 

v!, = V;{u)vi = P^^ — , z = l,...,n (5.12) 

for a suitable local functional H[u\. The differential operator 

P^^ = r,^^d^-rf'Tlul (5.13) 

is the local Poisson bivector of hydrodynamic type associated to the flat metric 

rim- 

The existence of a second flat connection compatible with the multiplicative 
structure defined by the eventual identity E. In the case of Frobenius manifolds 
such a connection is the Levi-Civita connection of the intersection form g. The 
pencil g\ = g — Xr] is a. flat pencil of metrics [5]. In the case of Frobenius 
manifolds, the multiplication by the Euler vector field L = Eo is related to the 
flat pencil gx by: 

L) = mid'- 
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This list might be extended including the additional axioms appearing in the definition 
of a Frobenius manifold. Since these additional assumptions will not be used in the 
paper we refer the reader to the literature (for instance [4j) for more details. 

Assumption 1: From now on we will deal only with semisimple F -manifolds. 

Assumption 2: From now on we will assume that the components of an eventual 
identity E in canonical coordinates are functionally independent. 

Under these two assumptions we can prove the following results upon which all our 
subsequent investigations are based: 

Theorem 5.5 Assume assumptions 1 and 2 above hold. Then we have 

1. The canonical coordinates (tt"^, . . . , w") for the product * and the canonical coor- 
dinates {u}, . . . , u"") for the product o are related through a simple reparametriza- 
tion of the form £t* = i = 1, . . . ,n. 

2. The endomorphism L := E o can be written as L = E *; moreover E = EoE and 
j^i _^ Jqj- i ^ j where E^ are the components of E in canonical coordinates 



Proof: Proof of the first claim: Since by assumption 1 the F-manifold is semisim- 
ple, and E is an eventual identity, then by Theorem 14.31 L = E o has vanishing Ni- 
jenhuis torsion. This implies that in canonical coordinates for o we have E^ = E^{v}). 
By assumption 2 the components i?* are all functionally independent. By definition 
(compare equation (14. 6p ) the product * in canonical coordinates for o reads 



Now we look for a reparametrization of the canonical coordinates of the form 
I—)- u^iu'') in such a way that in these new coordinates the constant structures for 
* appear to have the form This will prove that the canonical coordinates for * 
are indeed obtained via a simple reparametrization of the canonical coordinates for 



for *. 



o. 



Indeed, we have 




'mn 



dv} du^ du^ 

l'*'^ 



1 „■ „■ du^ du^ du^ 



3 ^Quidu^du^ 



1 du^ du^ du^ 



1 dv} 




E^ du^ 9m™ du^ 



dv} 



where E' 



are the components of E in the new coordinates tt*. 
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If we choose the reparametrization to be given by: 

du^ 1 



that is if 



du^ E\v}) 



= / " „ du'' 



(5.14) 



then & = = 1 and c*',„ = ^.^^i- This proves the first claim and provides also 

an exphcit form (equation (15.141) ) for the change of coordinates from one system of 
canonical coordinates to the other one. 

Proof of the second claim: We look for a vector field E such that E *Y = E oY 
for all vector fields Y. First of all notice that, even without assumptions 1 and 2, one 
has EoY = E*Y = EoYo E^^ and therefore 

E = EoE, 

simply because E is an eventual identity. Let us remark that this E has nothing to 
do with the one that appears in the proof of the first claim. 

In canonical coordinates of o we have that the components of the vector field EoE 
are given by {E o Ey = (i?*)^. In canonical coordinates for * one gets: 

[EoEnu) = {E^)\u^)— = E\u\e)) = — 

Clearly ^ is not constant, otherwise ^ would be constant too and, because 
of equation (I5.14p . that would imply that E^{u^) is constant, not depending on u^, 
contrary to assumption 2. Therefore we have 

{E^y {E^y, 

since the right and the left hand side depend on different coordinates. This proves 
the second claim. ■ 



6 Hydrodynamically equivalent and almost hydro- 
dynamically equivalent connections 

Given a semisimple F-manifold with compatible connection one can define a semi- 
hamiltonian hierarchy. In canonical coordinates the functions r*^ {i 7^ j) defining the 
hierarchy according to (13. 3 p are a subset of the Christoffel symbols of the compatible 
connection (we will give later a coordinate free definition). The fact that the hierarchy 
is semihamiltonian follows immediately from (15. 9p . 
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As we mentioned above, on the same F-manifold one can define different compat- 
ible connections and different multiplicative structures. 

Let (M, o, i?) be a semisimple F-manifold with eventual identity E. We introduce 
the following definitions: 

Definition 6.1 Let V be a connection compatible with o and V be a connection 
compatible with *. They are called almost hydrodynamically equivalent if 

{d^ - d^){X o) = 0, or {d^ - d^){X *) = (6.1) 

for every vector field X . 

In canonical coordinates for o the equation (16. ip (on the left) reads 

{X'-XWl-n,) = 0- (6.2) 

where F*^ are the Christoffel symbols of the connection V in the canonical coordinates 
of o. Similarly for the equation on the right using canonical coordinates for *. 

To see why ( 16. ip gives ( 16. 2p . observe that in canonical coordinates for the product o 

the Christoffel symbols T\- with i ^ j ^ k ^ i vanish, because of the compatibility 

of V with o. Now due to the compatibility of V with * one has that F^^ = for 

r ^ p ^ q ^ r in the canonical coordinates for *. On the other hand, in the canonical 

coordinates for o one has 

~i. du^ dvP dv!^ ~ du^ d'^vJ^ 

F ■ = F H 

du" du' du^ du"" du^du^ ' 

where F^^ are expressed in the canonical coordinates of *, while F^^ are in the canonical 

coordinates of o. Using the first claim of Theorem 15.51 one finds Ff^ = for i ^ j ^ 

k ^ i. The same reasoning also shows that the two equations (dy — '^v)("'^°) ~ 

and (dv — d^){.X*) = are indeed equivalent. 

This means that the almost hydrodynamical equivalence of two connections is 

equivalent, in canonical coordinates {u^, . . . , u^) or in any coordinates system related 

to them by a reparametrization of the form i— )■ u^{u^), to the condition 

For this reason almost hydrodynamically equivalent connections define the same semi- 
hamiltonian hierarchy. 

Remark 6.2 For future use, it is important to notice that if V and V are two hy- 
drodynamically almost equivalent connections, then for any endomorphism V of TM 
with the property that V is diagonal both in the canonical coordinates for o and in the 
canonical coordinates for *, we have that 

(dv - d^)V = 0. (6.3) 

This follows directly from the definition. 
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Definition 6.3 Two connections V and V compatible with the same product o and 
almost hydrodynamically equivalent are called hydrodynamically equivalent. In con- 
crete terms, in canonical coordinates, this means that 

r}fc = r}fc' i ^ joii ^ k, OTj ^ k. 

Remark 6.4 The diagonal metrics g defining the local Hamiltonian structures of a 
given semi- Hamiltonian system 

are the flat solutions (if they exist) of the linear system of PDEs JB^ 



dj In y/g~ - ^ 



yj — yi 

Notice that the Levi-Civita connections associated with the solutions of the above 
system are automatically almost hydrodynamically equivalent. Indeed 



dj In y/g~ = r 



7 Conservation laws 

In this section we will study the conservation laws of the semihamiltonian hierarchy 
associated to a semisimple F-manifold with compatible connection V and eventual 
identity E. 

First of all, we observe the following, 

Proposition 7.1 The linear system of PDEs for densities of conservation laws can 
be written in intrinsic form as 

(dLdh) +C{dvL®dh) = 0. (7.1) 

where L = E o and C is the contraction of the tangent bundle-valued two-form d^/L 
with the one form dh. 

Proof: Taking into account (15. Sp . in canonical coordinates the equation (17.ip 
reads 

{E' - E^){d,d,h - T],d,h - T%d,h) = (7.2) 

that is clearly equivalent to (13. 6p . Notice that the equation (17. 2p does not change if 
we substitute V with a hydrodynamically equivalent or an almost hydrodynamically 
equivalent connection. This motivated the introduction of the previous definitions. 
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Remark 7.2 The system (17. ip is completely characterized by the tensor field d^L. 
In the case of Frobenius manifolds, in flat coordinates the components of the Euler 
vector field are linear functions: 

for constants . This means that, in such coordinates (if 7^ q^ !) the structure 
constants can be written in terms of d^jL: 

_ d,Ll - d,L] _ jd^L)], 
qj - qk qj _ qk ' 

Proposition 7.3 The compatibility conditions for equation {dLdh)+C{dyL®dh) = 
follow from condition (15. 5 p 

R{Y, Z) {XoW) + R{X, Y) {ZoW) + R{Z, X){YoW) = 0, 

and condition (15. 3 P or equivalently, in coordinates from conditions (15. 7p . (I5.8p . (15. 9p 
and (KWf . 

Proof: From the form of equation (I7.ip . it follows that the compatibility con- 
ditions are that the two-form {C{dyL ® dh))jk = {dh)i [d^LYji^ must be exact with 
respect to both differential d and d^ for any density of conservation law h. First we 
compute {dC{d^L® dh)))ijk. To simplify notation, call Sij := {C{dsjL® dh))ij. Then 
one has 

{dS)ijk = di{Sjk) - dj{Sik) + dk{Sij). 

Therefore, since 

^^{S,k) = {V,{dh)i){dvLyjk + dhiViid^iy^,, (7.3) 

one has 

idS)ijk = {S/idhi){ds7L)]j^ - i\/jdhi){d^L)l + {Vkdhi){ds7L%+ 

+dh (V.(dv^);-, - V,(dv^)L + yk{dsjL%) . 

In canonical coordinate, for a semisimple F-manifold with compatible connection we 
have that Vi{dh)j = didjh — T\^dih — T-'j-djh, for i 7^ j. On the other hand, this is 
just the equation for the densities of conservation laws, namely equation (13. 6p . and 
therefore Vi{dh)j = for i ^ j, since h is supposed to be a density of conservation 
laws. 

This means that {V idhi){d^LYj^ — {V jdhi){dsjL)\j^ + kdhi)[d\/L)\j is reduced to 
{Vdhi){dsjL)]^ - iV,dh,){d^L)l, + {VA){d^L)1., (7.4) 



21 



with no sum over equal indices. 

Since L is diagonal in canonical coordinates, it is immediate to check that the 
previous expression is identically zero for i ^ j ^ k ^ i. This is also the case when 
i = j = k. It is also easy to check, again using the aforementioned property of L, 
that the fl7.4p is identically zero when two of the indices are equal and the third is 
different. 

This implies that 

{dS),,k = dhi {VMvL% - V,{dvL)l, + Vk{dvL)l^) = dhi (4^)!,^ , 

where the last equality on the right follows from the definition of (iy 
Now expanding the expression for d'^L one gets 

At this point it is enough to observe that the last term on the right in the previous 
expression is just (15. 6p saturated with E. Therefore if (15. 6p is fulfilled, then dS = 
identically. (Obviously, if V is flat, condition (15. 6p is fulfilled, and also dS = is 
satisfied since in this case = 0.) 
From the definition of di one gets 

{dLS)ijk = L^dpSjk — L^dpSik + L^dpSij 

-Sp,{d,Ll - dk^) + Sp,{d,Ll - dkLl) - Spkid^L^j - d,Ll). 
Using (17. 3p . we have that L^dpSjk — L^dpSik + L^dpSij can be expanded to 

(dh), [LlVp{d^L)], - L^Vp{d,jL)\, + LlVp{d^L%] + 

+ {yp{dh),) [m^L)], - L]{dyL)\, + Li{dyL%] . 

Since /i is a density of conservation laws, we have Vp{dh)i = for p ^ L Therefore, 
in the the second line of the above expression, the only surviving terms corresponds 
to I = p. Thus, the second line can be written as (sum over p): 

{Vp{dh)p) [L^MyL)% - mdyL)% + Ll{dyL)l] , 

and it is easy to check that in canonical coordinates this expression is identically 
vanishing, since L is diagonal. 

Therefore {dLS)ijk is reduced to 

{dh)i [lypid^iy^, - Lyp{d^L)i + LiVp{d^L)\^] 

—Spi{djLl. — dkL^) + Spj{diL^ — dkL^) — Spk{diL^ — djL^), 
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or, 

+ {dh)i [-{dvL)l,{d,Ll - a,Lp + {dyLl^id^Ll - d,Ul) - {dM,M^ - dA)] > 
from which we recognize 

{dLS)ijk = {dh)i {dLvdyL)\.^ . 

Observe that if V is flat and L has zero Nijenhuis torsion, then di^d^L = —d^di^L = 
since divL is precisely the Nijenhuis torsion of L. 

Now we prove that (15.71) . (15.81) . (15.91) and (15.101) imply di^d^L = 0. First observe 
that {dLsjd^L)\-j^ is automatically zero if at least two of the lower indices are equal, 
by skewsymmetry. Therefore, since we can assume i ^ j ^ k ^ in the expression 
for {dLsjdsjL)\-^ the term 

Hd^Ll^{^,Ll - duL)) + {d^L^d^Ll - d,V>) - {dyL%,{d,L) - S.Lf)] 

is identically vanishing, taking into account that in canonical coordinates L\ = 
E^{u^)5'^. For the same reason, the remaining expression for {dL-^d^L)\-f^ in canonical 
coordinates is reduced to 

Again, because of the special form of L in canonical coordinates, we have that if 
the upper index / is different from z, j and k, then the previous expression is also 
identically vanishing. 

Without loss of generality, we can assume I = i, and in canonical coordinates we 
have 

{dL^dyL%^ = E^{VjVkE') - E\VkVjE'), (7.5) 

with no summation on repeated indexes j and k. Expanding the right hand side of 
equation (17.51) and taking into account that in canonical coordinates the Christoffel 
symbols satisfy equations (15.71) and (15.81) . we obtain after long but straightforward 
computations (no sum over repeated indices): 

{dLvd^L%, = E'E^ [dkT], - d,Tl) + 

+E^E^ {d,n, + r},r^, - r^,r}, - t%ti,) + 

Now the coefficient of E^E^ in the previous expression vanishes because of equation 
(15. 9p . while the coefficients of E'^E^ and E^E^ vanish due to equation (I5.10p . 



23 



Example 7.4 In the case of the F -manifold associated with the e-system ITB^ it was 
shown fW^ that 

VuL] = {Vuc]i)E' + (1 - ne)4^. + e9fc(TrL) 5} 

and therefore 

(dvL)), = ed,{TiL) 61 - edkiTiL) 6], 

that implies 

{dLdh)jk = {dh A (i(eTrL))^.^ . 

Let us consider now the recursion relations for densities of conservation laws in the 
case of F-manifolds with compatible flat connection and in the case of F-manifolds 
with a second flat connection compatible with the multiplicative structure * defined 
by the eventual identity E. We have the following 

Theorem 7.5 In the case of an F -manifold with compatible flat connection, the den- 
sities of conservation laws obey the following recursion relations: 

V,{dh^P+% = 4^{dh^P\ (7.6) 

In the case of an F -manifold with compatible flat connection and possessing a second 
flat connection compatible with the multiplicative structure * defined by the eventual 
identity E, the densities of conservation laws satisfy the following additional recursion 
relations: 

V^'dht-'^=LiV?dht\ (7.7) 

where L = E o. 
Proof: 

In order to prove the above recurrence relations, we first observe that 

L'^Vm - L'^^mUJh = {dL^uj)hk + Wi(c^v^)L- (7-8) 
Indeed by definition 

{dL\jUj)hk = {dL^)hk = E^dm^k — E^dm^h — ^l{dhL\ " ^kL^hli 

because a; is a scalar valued form, while 

ui{dyL)\, = ui{V,L[ - Vfc4) = uji{d,L[ - dkL[ + T^L^ - T^^.L^). 
Combining the two expressions above one gets 
{dL^u)hk + uJi{d^L)[f. = 

E^dm^k - E^dm^h + ^li^^mh^T ~ ^^^L™) = E^V m^k - E^^ m^h- 
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Now we show that if h^P+^^ is related to h'-P^ via (17. 6p . then it also satisfies ( 17. ip . 
Plugging in h^~^^^ in (17. ip and using the identity (17. 8p we obtain 

{dL^dh^P+'\, + dh^^'\d^L)[, = LiVidh^^'^ - L[Vidhi^'\ 

Assuming that h^^^^^ satisfies the recursion relation (17. 6p . we have 

LiVidh^r'^ - L^Vidht^'^ = [cLcf. - cl^c^i,]E-dhf^ = 0, 

due to the associativity of o. Therefore h^P^^^ is a density of conservation laws, even 
if h^P^ is not. Instead, to prove the other recurrence relations, we need to assume h^°'^ 
is a solution of (17. ip with respect to the second connection. 

We proceed in a similar manner to prove (17. 7p . Suppose /i^"-* is a solution of the 
linear system of PDEs (17. ip determining the densities of conservation laws, namely 

{dL^i2,dh^'''>)hk + dh\''\d^,2,L)i, = 0. 

By identity (17. 8p . we have that dh^"^ is a solution of the above equation if and only if 

Ly?^dh[-^ - V.vfhh^:^ = (7.9) 

Now we prove that h^""^^^ is a solution of (17. ip with respect to V*-^-* if h^""^ is a solution 
of (17. ip with respect to V^^-' and /i^""*"^) is related to /i^"^ via (17. 7p . Indeed, using the 
identity (17. Sp we have 

{d,v^^^dh^''-''^U + dh^r"\dvi^^L)i, = Livfhht^'^ - LiVp)d/.i-+^\ 

and plugging-in ( 17. 7p on the right hand side we obtain 

Livf^dhf^'^ - Livfhh^^'^ = LiLTV^iW^^ - 4Lrv(^)d4-\ (7.10) 

Since h^""^ satisfies ( 17. 9p . being a density of conservation laws with respect to V*-^-*, 
in particular it satisfies Ly^Vm dh^/^^ — L'^Vm dh[°'^ = 0. Using this equation on the 
right hand side of (I7.10p one finds 

Finally, using 

V^^^dhf^' = Vf'dht^ 
on the right hand side of the last expression we obtain 

L\L-V^^^dh'r' - LiL-Vt^dh^r^ = 
LiLTV^^^dhf-^ - LiL^Vfhh^) = 
LiLTVg^dhf-^ - L-Liwt^ht^ = 0. 

This proves the result about the second recurrence relation. ■ 
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Remark 7.6 // the almost hydrodynamically equivalent connections are those asso- 
ciated with a flat pencil of metrics defining a bi-Hamiltonian structure, then the re- 
currence relations (17. 7p can be written in the form 

gl[^V['Wr'=4,^?'dhf. (7.11) 

They coincide with the usual Lenard-Magri recurrence relations 

pf-^^-— = pf-^ (7.12) 

where Pi and P2 are the Poisson bivectors of hydrodynamic type associated with g^i^ 
and (7(2) and 



However, we will see in the next few sections that in general one obtains recurrence 
relations that are more general compared to the usual ones coming from a Lenard- 
Magri chain. 

Remark 7.7 The equation for the densities of conservation laws can be also written 
in the form 

ddyh = —dydh = (7-13) 

where V is one of tensor fields defining the symmetries. Indeed, in canonical coordi- 
nates Vj = v^6j and therefore 

{ddvh)ij = di [v^djh) — dj (v^dih) = {v^ — v^)didjh + divWjh — djv^dih 
{dvdh)ij = v^didjh — vWjdih + dihdjV^ — djhdiV^ = —{ddvh)ij. 

From f l7.13p it follows that the 1-form dyh is (locally) exact: dyh = dk. The function 
k is the current associated to h. Indeed in canonical coordinates dik = v^dih and this 
means that dth = d^k. 

8 Cohomological equation for symmetries and re- 
lated recurrence relations 

We have seen that, in canonical coordinates, the Christoffels symbols of the compat- 
ible connection V define a semihamiltonian hierarchy. The fiow of the hierarchy 

ul = v'ul, i = l,...,n (8.1) 

is obtained solving the equation (13. Sp : 

9jv' ^ pi 

yj — 
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for the unknown characteristic velocities v^. 

In this section, we explore the cohomological nature of the equation fl3.3p . The 
results obtained will be important in constructing, in the last Section, a twisted 
Lenard-Magri chain associated to a semisimple F-manifold with eventual identity E 
and two almost hydrodynamically equivalent connections V*-^-* and V*-^-*. 

Consider the flows of the hierarchy 

v^ = V;{u)vi = {Xoy^vi, z = l,...,n (8.2) 

associated with the semisimple F-manifold written in an arbitrary coordinate system. 

Theorem 8.1 1. The hierarchy (18. 2 p is defined by the set of tensor fields V com- 
muting with L = E o and satisfying the equation 

{d^V% = 0. (8.3) 

Moreover, if V is a tensor field commuting with L = Eo, and satisfying d^/V = 0, 
then we have also d.^V = for any other hydrodynamically equivalent or almost 
equivalent connection V (in this case compatible with *). 

2. The hierarchy (18. 2 p is defined by the set of vector fields X satisfying 

d^{Xo)]^ = c],V,X^ - 4,V,X' = 0. (8.4) 

In the equation ( 18. 4p one can substitute V with any other hydrodynamically equivalent 
or almost equivalent connection V and the structure constants d^^. with the structure 
constants d^/^ of the product * compatible with V. 

3. The hierarchy (18. 2p is defined by the set of vector fields X satisfying 

[d^X, L\l = {dLvX)l - mdyX)\ = 0. (8.5) 

where [■,■] is the commutator of matrices. In the equation (18. 5p one can substitute 
V with any other hydrodynamically equivalent connection. The hierarchy can be also 
defined by 

v; = Vjiu)ui = {X*))vi, z = l,...,n (8.6) 
where the vector fields X are solutions of the equation 

[d^X,L] = 0. (8.7) 

Here V is an almost hydrodynamically equivalent connection compatible with *. 

Proof: 



27 



1. The commutativity with L = E o tell us that V is diagonal in canonical coordinates 
for °, VJ = v^{u)6j, due to the fact that L is diagonal with distinct eigenvalues in 
these coordinates. Now, since 

it is immediate to check, taking into account f lS.Sp . namely the compatibility of V 
with o, that for i ^ j ^ k ^ i the above expression vanishes identically. Moreover, 
from the above expression, setting k = i ^ j one gets in canonical coordinates for o 

= id^V)), = d,v' + Tl^v'-Tiy, 

which is indeed (13. 3p in canonical coordinates. The remaining cases can be treated 
similarly. 

Now using the commutativity with L, we prove that d\/V = implies d-^V = 0. 
As we saw above, the commutativity with L and d^V = in canonical coordinates 
for o reads djV^ + T^jV^ — T'j^v^ = 0. 

Since L = E o = E * and E"^ ^ E^ for i ^ j in canonical coordinates for * , 
due to second point of Theorem 15.51 we have that [V, L] = expressed in canonical 
coordinates for * implies that V is diagonal also in these coordinates, V = v''Sj. 

Therefore, since V is diagonal in both the canonical coordinates for o and for *, 
we can exploit Remark 16.21 and by equation (16. 3p {d\r — d'^)V = 0, since V and V 
are hydrodynamically almost equivalent. But since d\/V = hj assumption, we get 
d^V = 0. 

2. The tensor fields of the form 

V = Xo 

clearly commute with L (due to associativity): 

Therefore for such tensor fields we have only to impose condition (18. 3p that, taking 
into account (15. ip . reduces to 

which is (18. 4p . This proves that any solution of (18.40 defines a flow of the hierarchy. 
In fact any flow of the hierarchy can be obtained in this way. Indeed, in canonical 
coordinates, (18.40 is equivalent to the condition 

V,X^ =0, Zy^ J. 
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Using (15. 7p and (15. 8 P we can write the above condition as 

and this is exactly condition (13. 3p noticing that in canonical coordinates one has the 
identification X^ = v^. Writing the tensor field V as V = X * and repeating the 
above arguments we can immediately obtain the second claim of point 2, using the 
fact that the canonical coordinates for * are of the form «*(«*), due the first claim in 
Theorem 15.51 

3. In canonical coordinates, taking into accont (15.71) and (15. 8p . equation (18. 5p reads 

{E' - 0)ViX^ = {E' - 0) {diX^ + r^:.(X^' - X')) = O (8.8) 

and this is exactly condition (13.31) . since in canonical coordinate we have the identifi- 
cation X* = and the components of E are assumed to be functionally independent. 

The equation (18.51) does not change if we substitute V with a hydrodynamically 
equivalent connection but in general it does change if we substitute V with an almost 
hydrodynamically equivalent connection V. However, we can still prove that tensor 
fields X * define symmetries of the hierarchy. Indeed, if L = iJo, we can also write 
L = E * where E = E o E (see the second claim in Theorem 15. 5p . 

Thus, since L = E *, using the almost hydrodynamically equivalent connection V 
and using (15. 7p and (15. 8p in canonical coordinates for * we can rewrite equation ( 18. 5p 
as [d^X, E*] = OT 

[E' - E^V^X^ = \E' - E^] [diX^ + t]^{X'J - X')^ = 0. (8.9) 

Since E^ = [E o Ey, we know by the second claim in Theorem 15.51 that in canonical 
coordinates for * one has {E o Ey ^ {E o Ey and therefore the above equation is 
equivalent to 

diX^ + fi,{x^ -x') = o. 

This means that the tensor fields X * define symmetries of the hierarchy. ■ 

Remark 8.2 From the above theorem it follows that, in the semisimple case, equa- 
tions (18. 4p and ( 18. 5 p are equivalent. In the general case one can prove that (18. 4p 
implies ( 18. 5p . Indeed from i\8A\) it follows that 

e^c)iWkX^ = e^4VjX' = VjX' (8.10) 

and 

E^c)iWkX^ = E'^ciiVjX^ = L\VjXK (8.11) 
Using (I8.10p we can write the left hand side as 

E^c)iVkX' = e^E^c]ic\^V^X^ = e"^ E^ d^^,^ = L]e^d^iVmXP = L]ViX\ 
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8.1 The flat case: the principal hierarchy 

Let us consider more in the detail the case in which the connection V is flat, namely 
= identically. This automatically implies the following remarkable fact: any 
solution X of (18 -Sp (or of the equivalent equation (18 .4^ ) defines a solution V = dyX 
of (18 -Sp commuting with L (and viceversa, since due to the triviality of the cohomology 
in the flat case, any solution of (18. 3p commuting with L can be obtained in this way). 

In the fiat case, this means that any solution X of (18. 5 p (or (18. 4p ) defines two 
different commuting flows: one given by 

4, = c'jkX'' ui, i = l,...,n. 

and one given by 

< = {dv^Yj u{ = ci^Y^ ui, i = l,...,n. 

This suggests a recursive procedure to obtain solutions of (18. 5p (or (I8.4p ). 

Theorem 8.3 Let X(o) be a solution of (18. 5p / ( l874l) then the vector fields defined 
recursively by 

(rfv^(p+i))fc = VfcX(p_^i) = -4;X(p) (8.12) 
are still solutions of (18. 5p / (18. 4 p . 

Proof [13]. Suppose is a solution of (18. 4p ((iv(Cj7-^(p)) = 0). This means that the 
equation (I8.12p admits a solution, let's say It is easy to check that it satisfies 

(EH). Indeed 

The recursion obviously proceeds also in the opposite direction (read the proof from 
the right to the left). ■ 

In this way starting from X(o) one can define recursively , X(2) , X(3) , . . . and 
X(„2), ^(-3), • • • • In the negative direction the procedure stops if VX(_fc) = 
for some k. The above recurrence relations coincide with the recurrence relations of 
the principal hierarchy. 

In the next section we study the case of F-manifolds with two compatible equiv- 
alent flat connections. 

9 BidifFerential calculus and principal hierarchy 

With consider now the case of a semisimple F-manifold with two compatible hydro- 
dynamically equivalent flat connections V*-^^ and V*-^^ 
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The (1,1) tensor fields V defining the hierarchy satisfy both the equations 

d^wV = (9.1) 

and 

(iv{2)F = (9.2) 
Since the connections are flat the equations (19.11) and (19. 2p imply 

V = (iy(l)Xl = d^(2)X2, 

for two suitable vector fields Xi and X2. 

This means that the vector fields Xi is a solution of 

d^(2) d^m Xi = 0. (9.3) 

and the vector field X2 is a solution of 

dv(i) dy(2) X2 = 0. (9.4) 

In general, the differential d^w and dy(2) do not anticommute and therefore we cannot 
conclude that Xi and X2 are different solutions of the same equation, let's say (19. 4p . 
However due to the identity (compare part 3 of Theorem 18. ip 

[dymX,L] = [d^i2,X,L]. (9.5) 

the vanishing of [d^wX, L] implies the vanishing of [d^{2)X, L] and vice versa. This 
means that if ^ = dywX defines a symmetry then also V = dy(2)X defines a sym- 
metry and vice versa. In this case 

d\^{i)d^(2)X = = d^(2)d^(i)X. 

Let us consider now a recursive procedure to find solutions of (19.41) defining sym- 
metries. 

Theorem 9.1 Equation (19. 4p can be solved recursively. More precisely, given a vec- 
tor field X^p^ satisfying (19. 4p . the vector field X(^p^i) defined by 

f^v(i)^(p+i) = d^{2)X(^py (9.6) 

is a new solution of (19. 4p . Moreover if d^{i)X(^p) commutes with L then also c?v(i)"'^{p+i) 
commute with L. 
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Proof: First of all, let us notice that the above recurrence relations are well 
defined since the right hand side is (iy(i)-closed. The starting points of the recurrence 
relations are the fiat vector fields of the connection V^^^ (obviously we can start from 
the fiat vector fields of the connection V*-^-* exchanging the role of the two connections). 
We have to check that the tensor fields obtained using the above procedure commute 
with L = Eo. In other words we have to check that if [fiy(i)X(p), L] = then also 
[(iy{i)X(p_|_i), L] = 0. But this follows from (19 .Gp and from the fact, already pointed 
out, that in the case of hydrodynamically equivalent connections we have the identity 

■ 

Summarizing, the proposition above provides us with the following Lenard-Magri 
chain 

= d^(i)X(^o^a) 



^(0,q) 



(2,") 



^(3,o) 



\ 



\ 



V(2) 

\ 



V(2) 

\ 



\ 



dy(2)X(2,a) — dy{i)X(^2,,a) 



C^V(2)X(3,q) — C?V(i)^(4,a) 



where (X(o,i), . . . , X(o,„,)) is a frame of fiat vector fields for V*-^-*. The corresponding 
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equations of the associated hierarchy are 

= (f^v(2)^{p-i,a))} ui = (c^v(i)^(p,a))} z = 1, . . . , n, p = 1, 2, 3, . . . 

Observe that in this case we have additional symmetries given by the flows 

= i = 1, . . . , p = 0, 1, 2, . . . 

9.1 An important example 

In the case of an F-manifold with compatible flat connection V*^^^ we can choose as 
second flat connection V*-^-* one of the connections of the one-parameter family: 

Let us observe that each new connection is hydrodynamically equivalent to the old 
one. Indeed in canonical coordinates the difference between the two connections, 
namely the term -zc*^, is different from zero if and only if all the indices are equal. 
It is interesting to compare the Lenard-Magri chains corresponding to the choice 
z = —1 with the recursion relations of the principal hierarchy fl8.12p . The former can 
be written as 

- ^(p))* = -c};X(p), (9.7) 

while the latter are 

V,Z^+,) = -c},Z;^). (9.8) 

Now it turns out that starting from the same vector field, the vector fields X(p) ob- 
tained through the Lenard-Magri chain are just a linear combination of those obtained 
via the recursion relations of the principal hierarchy Z(^i^ for < I < p. This is the 
meaning of the following: 

Proposition 9.2 Let be the vector fields obtained using the recursion relations 
for the Lenard-Magri chains corresponding to the choice z = —1 and let be the 
vector fields constructed using the recursion relations for the principal hierarchy. Then 
if the two systems of recursion relations start at the same point Z(o) = X(o) , we have 
that the vector fields X(p) can be written explicitly in terms of the vector fields Z{i-) as 
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Proof: The proof is a straightforward computation: 

' n+l 

/ n 

k 




Remark 9.3 Due to (14. 2 p and ( 15 .ip . the pencil of connections V'^^^ = V*^^^ — AV*^^-* 
in the above example is fiat for every X. As a consequence the differentials d^{i) and 
dy(2) anticommute and we have a bidifferential complex or, in the language of f^, a 
bidifferential calculus. 



10 Twisted Lenard-Magri chains and bi-Hamiltonian 
recursion relations 

Let us consider a semisimple F-manifold endowed with two almost hydrodynamically 
equivalent flat connections V*-^-* and V^^-*. In the case of a Frobenius manifold, V^^-* 
is the Levi-Civita connection associated with the invariant metric r] and V*-^-* is the 
Levi-Civita connection associated with the intersection form g. 

In this section, we adapt the construction of the previous section to this new situ- 
ation. This will provide us with a twisted system of Lenard-Magri chains that under 
specific conditions reduce to the classical system of Lenard-Magri chains but which, 
in general, is different. 

Like in the case of hydrodynamically equivalent connections, the (l,l)-tensor fields 
V defining the hierarchy satisfy both the equations (19. ip and (19. 2p and therefore 

V = d^{i)Xi = d^{2)X2, 
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for two suitable vector fields Xi and X2. It is also still true that if is a solution 
of (19 ■4p then the Lenard-Magri relation 



defines correctly However the next step of the recursion 

'^V(i)^(p+2) = '^V(2)-^(p+l)- 

is not well defined since, by construction, -'^{p+i) is a solution of (19 .3^ hut not of ( 19. 4^ . 
in general. The problem is that the identity f l9.5p is no longer satisfied for almost 
hydrodynamically equivalent connections. For the same reason if [dy(2)X(p), L] = 
then [(iy(i)X(p+i), L] = 0, but, in general [(iv(2)X(p+i), L] ^ 0. In order to keep 
the recursion we need an additional step mapping solutions of L] = (and 

therefore of (19. 3p ) into solutions of [d^{,2)X,L] = (and therefore of (19. 4p ) . As we 
will see in a moment this step consists in substituting X(p) with E o X(p), giving rise 
to a twisted system of Lenard-Magri chains. 

Theorem 10.1 Let M be a semisimple F -manifold with eventual identity E and 
two almost hydrodynamically equivalent flat connections V*-^-* and V*-^-* (the first one 
compatible with o and the second one compatible with * ) . Then the following twisted 
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version of the Lenard-Magri chain holds: 



E O X(o,a) 



i 



E O X(2,a) 



^(3,q) 



E o X(3_Q,) 



V(2) 
\ 



V(2) 

\ 



— C?v(i)X(o,a) 



rfv(2) ° -^(0,a)) — f^vCi)-^! 



(1,") 



dy(2) [E O X(2,a)) = dy(i)X^ 



(3,a) 



\ 



where (X(o,i), . . . ,X(o,„)) is a frame of fiat vector fields. The corresponding equations 
of the associated hierarchy are 



''(p,a) 



[d^(2) {E o X(p_i,„))]} ui = (c?v(i)^(p.a))} z = 1, . . . , n, p = 1, 2, 3, . . . . 

(10.1) 



Proof: If L = i?o, we have to check that if the vector field X satisfies 

[d^wX,L]=0 (10.2) 
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then the vector field Z = E o X satisfies the equation 

[d^(2)Z,L]=0. (10.3) 

The crucial point is the identity 

Z* = Xo, (10.4) 
which is immediate to check. Since V = Xo defines a symmetry we have 

c/v(i)(^*) = rfv(2)(^*) = 0. 

In particular, taking into account fIS.ip . dy(2) {Z *) = gives c*;V[^''Z'' — c^^vj^^Z' = 0, 
where c are the structure constants of *. Now in the canonical coordinates for * this 
expression is equivalent to V-^^Z-^ = 0, i ^ j. Indeed it reduces to 5*V^^''Z* — 
S^Vj Z'^ = 0. This equation is automatically satisfied for i = j = k, and for i ^ 
j k i, while for j = i ^ k it gives = 0. The other cases can be treated 

similarly. 

Moreover, using canonical coordinates for *, one finds that L* = {E o EySj (see 
the second claim of Theorem 15.51) and in this system of coordinates equation (110.31) 
reads 

vfz\E o Ey5i -{Eo Eysi^^^z^ = 0. 

or equivalently 

[{E o E)'' -{Eo Ey]V^^^Z' = 0. 



To conclude the proof we have to show that the recurrence relations 

C^V(i)^(p+l,a) = dy(2) [E O X(p_q,)) (10.5) 

are well defined, that is 

dy(i)dy{2) [E o X(p_q,)) = 0. 

In order to show this, it is enough to show that the tensor field V = d^{2) {E o X^p^^)) 
defines a symmetry. But by construction, V commutes with L and satisfied dy(2) V = 
0, since V*^^-* is fiat. Therefore by the first point of Theorem 18.11 we have that 
d\/(.i)V = since V*-^^ and V*-^^ are hydrodynamically almost equivalent, and this 
gives the compatibility of the recurrence relations. 

■ 

Remark 10.2 Notice that the solutions X of the equation (110. 3p provide symmetries 
of the semihamiltonian hierarchy in two ways similarly to what happens with the 
solutions of the equation (110. 2p . First of all as 

u'^ = {d^(2)Xyul, z = l,...,n. 
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Indeed the (1, 1) -tensor field V = d^(2)X is diagonal in canonical coordinates for *; 
indeed this follows from the commutativity with L = Eo = [EoE)*, because by the 
second claim of Theorem \5.5\. L is still diagonal with distinct eigenvalues in canonical 
coordinates for * , and because condition d^(2)V = 0, which is satisfied by construction, 
reduces to fl3.3p in canonical coordinates for *. 
Secondly as 

< = (X*)}<, i = l,...,n. 
Therefore besides the symmetries (110.11) we have also the symmetries 

= (^(P.") = (^(p+i,«) *)}<., z = 1, . . . , n, p = 0, 1, 2, . . . 

To conclude this section, let us consider what happens when the almost hydrody- 
namically equivalent connections are associated with a fiat pencil of metrics. 

Proposition 10.3 Let M be an F -manifold endowed with eventual identity E and 
with almost hydrodynamically equivalent connections V*^^-' and V'-^^ // V-"^^ and V*^^-' 
are associated with a flat pencil of metrics, then the twisted Lenard-Magri chain (110. 5p 
coincides with the classical bihamiltonian Lenard-Magri chain. 

Proof: In this case, using the fiat pencil of metrics, the classical bi-Hamiltonian 
recursion relations of Lenard-Magri type (I7.1ip can be written in the form 

^?;)Vi^^rf/.r^^ = ^y^^dhf^ (10.6) 

or 

vi" (9[;,<iftr") = vf (sg.dft,"") . (10.7) 

since V^*-* is the Levi-Civita connection associated to z = 1,2. 

If we identify the vector field X(p) with the vector field g-^^^dh^^ we can write (110.71) 

as 




This is just the recursion relation (110. 5p . ■ 
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